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Finite-Element Panel Flutter in Three-Dimensional Supersonic
Unsteady Potential Flow

T. Y. Yang* and S. H. Sungt
Purdue University, West Lafayette, Ind.

A finite-element formulation and solution procedure are developed for flutter prediction of rectangular panels
with one surface exposed to three-dimensional supersonic unsteady potential flow. Each element is divided into
several Mach boxes. The aerodynamic influence coefficients between each pair of sending and receiving boxes
are computed by the method of Gaussian quadrature. The aerodynamic matrix is based on the numerically
computed velocity potentials for all boxes. The effect of in-plane force is included. This development is par-
ticularly useful in the low supersonic range for panels with chord-span ratio less than about one, where the
piston theory does not give satisfactory accuracy. Examples are demonstrated by using the 16 d.o.f. rectangular
plate element. Results for flutter boundaries for the unstressed panels agree well with an alternative Galerkin's
modal solution. The examples demonstrate that flutter boundaries are dominated by higher modes for panels
with higher chord-span ratio. They also demonstrate that the dominating flutter boundaries abruptly change
modes as the Mach number is varied. The beneficial effect of in-plane tension is demonstrated.
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Nomenclature
= length and width of the rectangular plate finite
element as defined in Fig. 1

= number of boxes in the stream and cross-
stream directions, respectively

--Eh3/12(1 - v2), bending rigidity
-Nx/t2u]oh, Initial in-plane tension parameter
= shape function associated with d.o.f.y
= structural damping coefficient
= panel thickness
= subscripts indicating d.o.f. number
= w£/ K, we/ K, respectively, reduced frequency
= length of panel in stream direction
= Mach number
= receiving box index numbers in the stream and
cross-stream directions, respectively

= panel in-plane line forces
= (m — A ) , (n — v ) , respectively
= transformed variables of integration based on

e/2 as reference length, uj3/2 = xm — %,
v/2=yn-v

= speed of undisturbed airstream
= width of panel in cross-stream direction
= downwash velocity at panel surface for d.o.f. j
- panel coordinates as defined in Fig. 1
-x/t,y/w, respectively
= values of x/e and y/e at center of box m,n
= aerodynamic influence coefficient relating the
velocity potential at a box to unit downswash
on another box [ Eq. (12) ]

--(M2~\YA

- w/Bxs, box width
= values of x/e and y/e at any point in the

sending box
= panel-air mass density ratio, a/z/pf
= sending box index number in the stream and

cross-stream directions, respectively
= density of undisturbed airstream

= density of panel
- length-width ratio of box as defined in Fig. 1
= velocity potential at center of box m,n for

d.o.f../
= velocity potential at center of box mtn due to

unit downwash over box X, v
= frequency of flutter motion
= first natural frequency of the panel
=-(*>/
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Introduction

EVER since the earliest days of manned flight, panel
flutter has been known as one of the most important

problems in the design of aircrafts, missies, launched vehicles,
and spacecrafts. Extensive progress in flutter tests and
theoretical studies has been achieved. The basic theories and
an account of the developments on panel flutter can be found
in, among other books, a recent text by Do well.1 A list pf
keyed bibliography and collection of some significant survey
papers and original papers was prepared by Garrick. 2

In the theoretical analysis, it is essential that appropriate
aerodynamic and structural theories are used. One of the most
common formulation procedures is based on the modal
superposition concept. In this method, a set of natural
frequencies and normal mode shapes for the panel structure is
first found. Based on the superposition of a sufficient number
of such modes, the aerodynamic pressure and the inertial and
elastic forces of the panel are obtained. The natural
frequencies and modes can be found either by measurement or
computation, or both. Among the computational methods,
the finite-element method is gaining widespread acceptance
because of its flexibility in handling the geometry and
boundary conditions and the increasing accessibility of such,
computer codes.

As an alternative approach, finite-element workers have
studied the formulation of the matrix of aeroydnamic
pressure by using the displacement functions as composed of
the nodal degrees of freedom and shape functions rather
than the generalized coordinates and natural mode shapes.
Such an approach can solve directly for the flutter frequencies
and corresponding normal mode shapes without having to
seek the natural frequencies and modes and choose the
number of modes before the eigensolution, and also without
having to compute the flutter mode shapes after the eigen-
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solution. Such an approach permits expression of the
equations of motion in a straightforward form. Such an
approach also permits generality in panel configurations and
boundary conditions, and allows one to include accurately
physical effects such as in-plane forces.

The finite-element method was first extended to panel
flutter problems by Olson.3 He formulated the aerodynamic
matrix explicitly for an infinite plate element. Olson4 later
formulated the aerodynamic matrices for two rectangular [ 12
and 16 degree-of-freedom (d.o.f)] and an 18 d.o.f. triangular
plate elements. Simultaneously but independently, Appa and
Somashekar5 formulated the aerodynamic matrix for a 12
d.o.f. rectangular plate element. Appa et al.6 later extended
their work by accounting for skew panels and yawed flow by
means of coordinate transformation. Sander et al.7 employed
the CQ conforming quadrilateral plate finite element for
flutter analysis of rectangular panels with yawed flow and in-
plane stresses.

In all of the preceding finite-element works,3'7 LighthilPs
linearized piston theory was employed. The Mach numbers
considered were above approximately 1.6. Recently, Yang8

developed a finite-element procedure using the exact
linearized two-dimensional theory (strip theory) for unsteady
supersonic flow to formulate an infinite plate finite element
by means of numerical integration. Thus, the flutter speed
considered could be in the lower supersonic range. Such a
formulation, however, cannot be applied to the more general
case of rectangular panels with finite aspect ratios. In order to
account for the effects of finite aspect ratio and low super-
sonic speed, it appears necessary to use the three-dimensional
supersonic unsteady potential flow theory.

The three-dimensional supersonic potential flow theory was
employed by Appa9 in formulating the aerodynamic in-
fluence coefficients relating grid points. The method was
applied to a delta panel using triangular grid works, and good
results were obtained for steady and unsteady lift and moment
coefficients. The degrees of freedom treated were, however,
limited to linear displacement only. Such elements cannot be
directly used with the triangular plate finite elements in panel
flutter analysis for two reasons: 1) the elements do not have
the first and second displacement derivative degrees of
freedom, such as those contained in the common plate finite
elements; and 2) for an accurate panel flutter analysis, the
required number of plate finite elements is far less than that of
the aerodynamic boxes. Thus, the improvement needed
appears to be developing a method to formulate the
aerodynamic matrices that have the same d.o.f. as the plate
finite elements and to include a sufficient number of
aerodynamic boxes in each finite element.

In this study, the three-dimensional flow theory is used in
the development of a direct finite-element procedure for panel
flutter analysis. The aerodynamic matrix is derived by using
the principle of virtual work. The aerodynamic forces or
velocity potentials that produce the work are obtained for
each d.o.f. by the Mach box method. Each finite element is
divided into several boxes. The aerodynamic influence
coefficients for each pair of sending and receiving boxes are
evaluated, for each d.o.f., by the method of Gaussian
quadrature. The velocity potential at each receiving box is
obtained, for each-d.o.f., by summation of the product of
corresponding downwash and influence coefficients for all
sending boxes. It should be noted that the box method was
used by Cunningham10 in conjunction with a Galerkin's
modal method for panel flutter analysis. Three-dimensional
aerodynamic theory was also employed by Dowell and Voss n

in a theoretical and experimental correlation study of panel
flutter.

The 16 d.o.f. conforming rectangular plate element12 was
used for example demonstrations. Flutter boundaries were
found for clamped rectangular panels with various aspect
ratios. The thickness ratios required to prevent an aluminum
panel from flutter at sea level were plotted for Mach numbers

ranging from 1 .05 to 3. Results were found in good agreement
with Cunningham 's 10 solution.

The initial in-plane tensile stresses were then included for
finding the flutter boundaries for a clamped square aluminum
panel. The thickness ratios required to prevent the panel from
flutter at 25,000-ft altitude were obtained for Mach numbers
ranging from 1.05 to 2 for various values of the tension
parameter. It was found that the critical flutter mode changed
abruptly as Mach number was varied.

Equations of Motion
The free vibration equations of motion for a finite-element

panel subjected to the effect of stiffness, in-plane force,
inertia, and aerodynamic pressure may be written as

(1)

where [AT], [AH, [M], and [A] are, respectively, the stiff-
ness, incremental stiffness, mass, and aerodynamic matrices
assembled for the whole finite-element system. The vector
[q] contains the nodal degrees of freedom for the whole
panel system. In this section, only the system aerodynamic
matrix is formulated.

A. Principle of Virtual Work
For a system of plate finite elements, the deflection and

aerodynamic pressure may be written by separating the time
and space variables as, respectively,

z(x9y,t)=z(x,y)ei (2a)

(2b)

where the coordinates are defined in Fig. 1.
The strain energy for the panel system is equal to the work

produced by the aerodynamic pressure

The deflection function for the total finite-element system
may be assumed as

(4)

where fj(x,y) represents the assembled shape function
corresponding to the nodal d.o.f. <?7 and TV is the number of
degrees of freedom for the whole panel system .

Similarly, the aerodynamic pressure may be assumed as

(5)

where Pj(x,y) is defined as the pressure function associated
with the shape function/} (x,y) and d.o.f. <?y.

oa.

Fig. 1 Panel divided into finite elements (solid lines) and boxes (dash
lines) with coordinates, dimensions, and Mach cone.
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Substituting Eqs. (4) and (5) into Eq. (3), the strain energy
expression becomes

with

U = i / 2 { q } T [ A ] { q }

[ A ] = t i [ f } [ P } T d x d y

(6)

(7)

Using the principle of virtual work, Eq. (7) yields the
aerodynamic matrix as defined in Eq. (1).

B. Aerodynamic Matrix and Aerodynamic Pressure
The aerodynamic perturbation pressure is obtained from

the linearized three-dimensional supersonic unsteady
potential flow theory. When associated with the d.o.f. QJ and
the shape funct ion/^-(x ,y) 9 the perturbation pressure may be
expressed in terms of the velocity potential through the
relation (see, for example, Ref. 13),

(8)

where 07- is the velocity potential associated with d.o.f. QJ.
The coefficient at the /th row and y'th column of the

aerodynamic matrix [A] is obtained by substituting Eq. (8)
intoEq.(7),

(9)

Performing integration by parts and assuming restrained
trailing edge, Eq. (9) becomes

where the quantity within the first parentheses is the complex
conjugate of the downwash ratio for unit d.o.f. <?, and unit
panel length. The coefficient Au is evaluated numerically
through the following simple summation

where the summation is to be made for every box, and the
quantities related to 4>j and// are evaluated numerically at the
center of each box. The method for numerically evaluating
the velocity potential at the center of each box is given as
follows.

C. Velocity Potential and Aerodynamic Influence Coefficient
The Mach box method as employed by Cunningham 10 is

used here to derive the aerodynamic influence coefficients
between each pair of boxes and the resulting velocity potential
at each box. In this method, each finite element is divided into
several equal-size boxes as shown in Fig. 1. The numbers of
boxes in the stream and cross-stream directions are defined as
Bx and Bxs, respectively. The width and length of each box are
defined as e and re, respectively, where e = w/Bxs and
r = tBxs/wBx. The boxes are numbered in sequence from the
origin with m (or X) and n (or v) as the box number in the
stream and the cross-stream directions, respectively. The
numbers (m,n) and (X,*>) refer to the receiving and sending
boxes, respectively. The boxes are assumed sufficiently small
so that the downwash over any sending box is considered as
uniformly distributed at any instant, and the resulting per-
turbation pressure at the center of each receiving box
represents the average of the pressure distributed over the
box.

The velocity potential at the center of a receiving box (m,n)
due to a uniformly distributed but otherwise unspecified
downwash w(X,^) over the sending box (\v) can be ex-
pressed, for harmonic motion, as

(12)

where the relative locations in stream and cross-stream
directions between the two boxes are defined as r = m — \ and
s = n — v, respectively. The aerodynamic influence coefficient
is, from Ref. 10,

(rtS)=
2-K

-' —
U

(u2 -v2) !/2}-
(u2 -v2) >/2 dv (du (13)

where all the parameters are defined in the Nomenclature.
In Eq. (13), the surface integration limits uh u2> vlt and v2

result in only three different forms IG1) IG2, and IG3 as shown
in Fig. 2.

The first form is for any portion of a sending box \,v cut by
both sides of the Mach cone so that v2 = — v / = u, and s — 0:

2 ju

where J0 is the Bessel function of the first kind of order zero.
The second form is for portions of a box cut by one side of

the Mach cone so<that the limits v 2 = u and Vj = 2s — 1 > 1 :

=— Pe-'(
2ir Ji/7

cos[(t3ti/2M)(u2-v2) l/2

(u2-v2)
-dv\du (15)

The third form is for boxes that are completely within the
Mach cone and also for portions of boxes ahead of the point
where the Mach line cuts the side of the box:

2ir

+
cos [ (0Q/2M) (u2 - v2) l/2 ] -1

(U2-V2)'/2
dv\du (16)

The complete oi^(rfs) for any one sending box (\,v) consists
of IGJ, IG2, or 7G5, or a combination of IG1 and IG3, or of IG2
and IG3. The types of integrals and limits of integration for
computing o^ (r,s) for all possible relative locations of box X,
v and the Mach cone from m, n are given in Ref. 10.

The evaluation of the preceding three integrals is carried
out through the method of Gaussian quadrature. In the
subsequent numerical examples, three Gaussian points are
used in both x and y directions for computing IG3. Five
Gaussian points in both x and y directions are used for
computing IG1 and IG2.

Once all possible values of the aerodynamic influence
coefficient ot^ (r,s) are obtained for a certain shape function
fj (x,y), the total velocity potential at the center of a receiving
box (m,n) for the downwash associated with the same shape
function is a weighted sum of the 4>j(m,n) defined in Eq.
(12):

(17)

The summation is extended over all the sending boxes. The
downwash ratios Wj(\,v)/Vfor a -unit d.o.f. QJ are the total
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time derivatives of the shape function/} (x,y\ek

J __
V

(18)

Once the velocity potentials are obtained for each box for
each shape function, they can readily be substituted into Eq.
(11) for computing the aerodynamic matrix for the whole
panel system.

Formulation for Flutter Determinant
One of the crucial steps in the finite-element flutter for-

mulation is the grouping of parameters and non-
dimensionalization so that the solution is general enough to
include every parameter. The equations of motion (1) are
rewritten, in an element form, as

JQJc, [ k ]

where fi =
and

+Fc2 - c3 [m] -c4 M ] f <7) = [0] (19)

+ig) is the flutter eigenvalue parameter,

(20a)

c3=n(l/a)

The element matrix terms are obtained as. _rvr^^. /^y^/^.^v^^ij }o }o Idx2 dx2 \b J dy2 dy2 V b ) dx2 dy2

J^i__^_^_ \tedy
dxdy dxdy J (21)

= r / f / r ^^ + j ^ ^^u lo }o Idx dx Nx dy dy

Nx dx dy Nx dx dy
]dxdy

y J
(22)

(23)

(24)

The shape functions f(x,y) are nondimensional. For Eq. (24),
the shape functions are assembled ones. It is important to
note that Eqs. (19-24) are suitable for any plate finite element
as long as it is a displacement model.

Equation (19) constitutes an eigenvalue problem. The
flutter solution is obtained by first assuming a value of
reduced frequency kf, then varying the mass ratio 1/ju. in-
crementally and solving for the corresponding eigenvalues fi.
When the structural damping coefficient g changes from
negative to positive, the panel goes from the stable region to
unstable region, and vice versa.

Results
The 16 d.o.f. conforming rectangular plate finite element12

was employed to demonstrate the present formulation and
procedure. The examples chosen were rectangular panels,
stressed as well as unstressed, with clamped edges. For the
unstressed panels, a solution by Cunningham10 using the box
method (400 boxes) and Galerkin's modal approach (6 to 16
modes) were available for comparison.

In all of the examples studied here, the flutter mode shapes
were assumed symmetrical about the center chord-line of the

Fig. 2 Three forms of
integrals for computing the
aerodynamic influence
coefficients.

0.16

0.1 0.2 0.3 0.4 0.5

STIFFNESS PARAMETER W\^
V

Fig. 3 Flutter boundaries for clamped panel with f /H>=l and
Af=1.3.

panel. Thus, only half of each panel was modeled by finite
elements. In all cases, two elements in the cross-stream
direction were used for half of the panel. The number of
elements in the stream direction varied from 4 to 10,
dependent on the dominating flutter mode numbers. Each
element was divided into 4 by 2 boxes in the stream and cross-
stream directions, respectively.

It is important to note that symmetry does not exist for the
mesh of boxes unless the Mach cone apex lies in the center
chord-line of the panel. The boxes on the other (disregarded)
half of the panel can, however, still be accounted for since
their deflection shapes are known by symmetry.
Case 1: Clamped Panels with Various Chord-Span Ratio at M = 1.3

The rectangular panels with all edges clamped and chord-
span ratios ( f /w) equal to 0, 14, !/2, 1, 2, and 4 were studied
for the case M=1.3. The results for flutter boundaries for
panel with f /w= 1 are shown in Fig. 3. Good agreement with
Cunningham's results is seen. The first mode flutter boundary
obtained by Houbolt14 using the piston theory is also shown.
The results for panels with other aspect ratios are presented in
Ref. 15 with similar level of agreement with those obtained by
Cunningham. The corresponding mode shapes are also given
in Ref. 15.

Case 2: Clamped Panel with l/w = 2 at Various Mach Numbers
A clamped panel with f/w = 2 and under airstream with

various Mach numbers was studied. One of the main purposes
was to establish a curve for the thickness ratios required to
prevent the panel from flutter at various airspeeds.

The first mode flutter boundaries for panel with ?/ w = 2 and
M=1.05, 1.1, 1.4, 1.5, 2, and 3 are first obtained.15

Corresponding to each curve, one can construct a parabola
for the equation that xy = C or (pt/ah) (w ;£/K) =C. The
constant C is dependent on the densities of the air and
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MACH NUMBER (M)
Fig. 4 Thickness ratios required to prevent flutter for clamped
aluminum panel with t/w = 2 at sea level.

first mode ( Mai3)
third mode (M =1.3)
third mode (M=l.32)
third mode (M = l.35)

STIFFNESS PARAMETER

Fig. 5 Flutter boundaries for clamped square panel with M-
1.32,1.35, and various tension parameters.

1.3,

aluminum, the dimensions of the panel, the airspeed, and the
bending rigidity of the panel. The intersecting point between a
pair of parabola and flutter curve gives the thickness ratio h/f
required to prevent the aluminum panel from flutter at sea
level. For all Mach numbers considered, the first mode flutter
boundaries are critical for sea-level altitude. The results are
shown in Fig. 4. The present results are slightly on the un-
conservative side as compared to the results of Cunningham.

Case 3: Clamped Square Panels with Various Tension Parameters
and Mach Numbers

One of the advantages of the finite-element method is that
the effect of in-plane forces can be included in a direct and
accurate fashion. To demonstrate this, a square clamped
panel was chosen, and four different tension parameters,
F=0.01, 0.1, 0.5, and 1 were considered. The flutter boun-
daries were obtained for various Mach numbers and shown in
Figs. 5-8.

0.16
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-U 0.12

o

§
8
<

OilO-

Q08

0.06

0.04

0.02

———— first mode ( M = 1.4 )
———— third mode ( M = |.4)
_._._ third mode (M = L45)
........... third mode ( M = L48)

0.6 0.7O.I 0.2 0.3 0.4 0.5

STIFFNESS PARAMETER

Fig. 6 Flutter boundaries for clamped square panel with M=1.4,
1.45, 1.48, and various tension parameters.

0.1

STIFFNESS PARAMETER

0.2 0.3 0.4 0.5 0.6 0.7
UJ,l

V
Fig. 7 Flutter boundaries for clamped square panel with M— 1.5 and
various tension parameters.

Figure 5 shows that for M=1.3, 1.32, 1.35, and various
tension parameters, the third mode boundaries are the critical
flutter boundaries. Results for M= 1.1 and 1.2 are available
in Ref. 15. For M=1.2, the first mode flutter boundaries
dominate the high mass ratio region, and the third mode
flutter boundaries dominate the low mass ratio region.

Figure 6 shows the flutter boundaries for M=1.4, 1.45,
1.48 and various tension parameters. The third mode flutter
boundaries shift to the right as the Mach number increases. It
is interesting to see that the top portion of the third mode
flutter boundaries begin to bend down to the left as the Mach
number increases.

Figure 7 shows that for M=1.5 and various tension
parameters, the third mode flutter boundaries continue to
bend down rapidly with a slight increase in Mach number.
Figure 8 shows that for M=1.54 and various tension
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FigT 8 Flutter boundaries for clamped square panel with M= 1,54
and various tension parameters.
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MACH NUMBER (M)

Fig. ^ Thickness ratios required to prevent flutter for a square
clamped aluminum panel at 25,000 ft above sea level under different
tension parameters.

parameters, the third mode flutter boundaries bend down
substantially to be small loops. They only dominate the lower
range of the mass ratio.

Results for M= 1.6 and 2.0 are available in Ref. 15. In the
two pases, the third mode flutter boundaries disappear and
tfye first mode boundaries again dominate the whole mass
ratio region.

Ttye dashed parabolas for aluminum panel at 25,000 ft
above sea level are shown in Figs. 5-8 for all Mach numbers
considered. By collecting all the intersecting points between
the (dashed parabolas and the critical flutter boundaries, the
results for thickness ratios required to prevent the panel from
flutter are shown in Fig. 9 for various Mach numbers and
tension parameters. There are some extra data points in Fig. 9
which are not obtained from Figs. 5-8. They are referred to

Ref. 15. The plots of flutter mode shapes are also referred to
Ref. 15.

In Fig. 9, the critical flutter boundaries were dominated by
the third mode in the Mach region between approximately 1.2
and 1.5. For other lower and higher Mach regions, the first
mode flutter boundaries dominate. The sharp drops in the
curves are due to the abrupt changes in critical flutter modes.
The beneficial effect of introducing in-plane tensions to
reduce the required panel thickness to avoid flutter is clearly
demonstrated.

Concluding Remarks
A basic finite-element procedure for panel flutter analysis

has been developed and numerical examples presented. The
following concluding remarks may be made.

1) The three-dimensional supersonic unsteady potential
flow theory was employed. This theory allows the treatment
of panels with finite aspect ratio. It is particularly ad-
vantageous at low supersonic range (1<M<V2) for panels
with chord-span ratio less than one, where the piston theory
does not give satisfactory results.14

2) The finite-element method offers a set of elegant and
straightforward eigenvalue equations. It can be used directly
to solve for flutter frequencies and mode shapes without
having "to find the natural frequencies and modes as well as
the number of modes to be used before the eigensolution, and
also without requiring the computation of mode shapes after
the eigensolution. Of course, one must investigate the con-
vergence of the finite-element solution itself.

3) If the modal method is used in panel flutter analysis, one
could use the natural frequencies and modes found by the
finite-element method. Such a procedure is, however,
basically different from the present finite-element method. It
is the one commonly employed in lifting-surface flutter
analysis, of course.

4) The formulations here [Eqs. (19-24)] are general. They
are readily applicable to any plate finite-element displacement
model whose shape functions are known.

5) Figures 3 and 4 show that the present results agree well
with the Galerkin's modal solution by Cunningham.

6) Figures 5-9 show that the critical flutter modes for a
square clamped panel change abruptly as the Mach number is
varied.

7) Figure 9 clearly demonstrates the beneficial effect of in-
plane tensions.

8) The present results may provide useful data to the flutter
analysts and designers.

In order to attain the present state-of-the-art of panel
flutter, this development should be extended to include the
effects of pressure differential and buckling and shear layer
aerodynamics. Such effects were considered in Refs. 16-19.
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